Abstract. If G is a finite group, then a bijective function f : G Ñ G is inverse ambiguous if and only if f pxq ¡1 f ¡1 pxq for all x P G. We give a precise description when a finite group admits an inverse ambiguous function and when a finite group admits an inverse ambiguous automorphism.
Introduction
Suppose pG, ¤q is a finite group and f : G Ñ G is a bijective function and let x G. Then f pxq ¡1 denotes the inverse of the image of x under f while f ¡1 pxq denotes the pre-image of x under f . In general f pxq ¡1 and f ¡1 pxq are different elements.
Inspired from students being confused by this similar notation, several authors investigated functions f : K Ñ K such that f ¡1 pxq f pxq ¡1 for all x K where K is equal to p0, Vq R, R, or C (see for example [2] and [3] ). Furthermore in [4] functions f : R Ñ R satisfying the functional equation f pfpxqq ¡x for all x R have been investigated. Recently, David J. Schmitz introduced in [7] the notion of an inverse ambiguous function of a group G.
This is a bijective function f : G Ñ G that is a solution of the functional equation f ¡1 pxq f pxq ¡1 for all x G. He analysed the question whether a group admits an inverse ambiguous function and answered it for several abelian groups. Moreover he gave a criteria for the existence of an inverse ambiguous function of a finite group in terms of the number of elements of order at least 3. This criteria was used by him together with Katherine Gallagher in [8] to answer the question whether a symmetric or alternating group or GLp2,for an arbitrary prime power q admits an inverse ambiguous function. In their introduction they refer to an article by Marcel Herzog [5] from which some of their conclusions may also be derived.
In this paper we study finite groups in general. We use the work of Herzog in Section 2 to show that the existence of an inverse ambiguous function of a finite group pG, ¤q depends on the order of G as well as the structure or number of Sylow 2-subgroups of G. We are also interested in inverse ambiguous automorphisms. These are inverse ambiguous functions that are also homomorphisms. Non-abelian groups do not admit inverse ambiguous automorphisms. In Section 3 we give a precise characterisation of finite abelian p-groups admitting an inverse ambiguous automorphism for odd primes. Finally in Section 4 we investigate finite abelian 2-groups and characterise those that admit an inverse ambiguous automorphism. This theorem together with the results of Section 3 lead to a characterisation of finite groups admitting inverse ambiguous automorphism.
All groups are written multiplicatively and we use standard group-theoretic notation (see for example [6] ). In particular 1 denotes the neutral element of a group G as well as its trivial subgroup generated by the neutral element.
Inverse ambiguous functions
Definition 2.1. Let G be a group and f : G Ñ G be a bijective function.
Then f is an inverse ambiguous function if and only if
If further f is an automorphism, then f is an inverse ambiguous automorphism.
Lemma 2.2. Let G be a finite group such that |G| is a multiple of 4. Then the following statements are equivalent.
(a) There is an inverse ambiguous function f :
(d) A Sylow 2-subgroup of G is neither cyclic, a quaternion group, a nonabelian dihedral group nor semi-dihedral.
(e) A Sylow 2-subgroup of G is not a dihedral group of order 8 and contains a normal subgroup which is elementary abelian of order 4. (f) The group G has an elementary abelian subgroup of order 4 that either is a Sylow 2-subgroup of G or not a Sylow 2-subgroup of its centraliser.
Proof. By Theorem 4.1 of [7] we see that (a) and (b) are equivalent.
From G t1u 9 tx G | opxq ¥ 3u 9 tx G | opxq 2u and from |G| 0 mod 4 we moreover obtain that (b) and (c) are equivalent. Furthermore the equivalence of (c) and (d) follows from Theorem 3 of [5] . Lemma 1.4 of [1] shows that (d) implies (e). We now assume that (e) is true and let S be a Sylow 2-subgroup of G. Then S contains an elementary abelian normal subgroup A which has order 4.
We suppose for a contradiction that S $ A and C S pAq A. From S N S pAq we get that N S pAq{C S pAq is isomorphic to a non-trivial 2-subgroup of AutpAq by 3.1.9 of [6] . Since AutpAq has order 6 by 2.1.8 (b) of [6] , we conclude that S{A N S pAq{C S pAq has order 2 and so |S| 8. From C S pAq $ S we see that S is non-abelian. There are exactly two non-abelian groups of order 8, the quaternion group of order 8 which contains a unique element of order 2 and the dihedral group of order 8 (see for example 3.2.2 of [9] ). This is a contradiction. So we have S N S pAq C S pAq or A $ C S pAq. This implies that A S or that A ¬ C S pAq. In the second case A is not a Sylow 2-subgroup of C G pAq. Thus (f) is true in both cases.
We finally assume (f). Then there is an elementary abelian subgroup A of order 4 of G that is either a Sylow 2-subgroup of G or not a Sylow 2-subgroup of its centraliser. In the first case (d) is true. So let S be a Sylow 2-subgroup of G such that C S pAq is a Sylow 2-subgroup of C G pAq. Suppose that A $ S. Then we have A ¤ C S pAq ¤ S and hence S is neither cyclic nor a quaternion group, as it contains at least two elements of order 2 by 5.3.7 of [6] . We suppose for a contradiction that S is dihedral or semi-dihedral.
In both cases ZpSq is cyclic and S contains a cyclic normal subgroup xcy of index 2 (see for example the remark below 5.3.2 of [6] [6] ) implies that z
is the set of all elements of order 2 of G. From 3.1.5 of [6] we moreover see
Summarising we obtain in this last case that G admits an inverse ambiguous function if and only if |G : C G pzq| 1 mod 4.
Inverse ambiguous automorphisms
Lemma 3.1. Let G be a finite group and f : G Ñ G be an automorphism of G. Then f is inverse ambiguous if and only if the composition f ¥f inverts every x G.
Proof. Let x be an element of G. Then we have
This implies the assertion. Theorem 3.2. Let G be a finite group admitting an inverse ambiguous automorphism f . Then G is abelian. Furthermore, f has order 4 or G is an elementary abelian 2-group.
Proof. From Lemma 3.1 we see that f ¥ f inverts G. Thus G is abelian (see for example Exercise 4 of 1.3 in [6] ).
Furthermore we see that f 4 pf ¥ f q ¥ pf ¥ f q is the identity on G. So the order of f divides 4. If f does not have order 4, then f ¥ f is the identity on G. In this case we conclude that x ¡1 pf ¥ f qpxq x for all x G.
In particular every element of Gzt1u has order 2 and so G is an elementary abelian 2-group. Lemma 3.3. Let G be a finite group admitting an inverse ambiguous automorphism and let x G. Then xxy xfpxqy and xx, f pxqy are f -invariant.
In particular both groups admit an inverse ambiguous automorphism.
Proof. We apply Lemma 3.1. It yields f pxfpxqyq xpf¥fqpxqy xx ¡1 y xxy. So we get that f pxxy xfpxqyq xfpxqy xxy. As G is abelian by Theorem 3.2, we further see xx, f pxqy xxyxfpxqy xfpxqyxxy and hence f pxx, f pxqyq f pxxyxfpxqyq xfpxqyxxy xx, f pxqy.
Lemma 3.4. Let G be a finite group admitting an inverse ambiguous automorphism f and let A ¤ G be f -invariant. Thenf : G{A Ñ G{A defined viaf pAgq : Af pgq is an inverse ambiguous automorphism of G{A.
Proof. By Lemma 3.2 the group G is abelian and so A is a normal subgroup of G. Since f is an automorphism of the finite group G, elementary arguments show thatf is an automorphism of G{A. Finally we see from Lemma 3.1 that for all g G we have pf ¥fqpAgq Af pfpgqq Ag ¡1 pAgq ¡1 . Thusf is inverse ambiguous by Lemma 3.1.
Lemma 3.5. Let G and H be finite groups and let f 1 : G Ñ G and f 2 : H Ñ H be inverse ambiguous automorphisms. Then f : G ¢H Ñ G ¢H defined via f px, yq : pf 1 pxq, f 2 pyqq for all x G and all y H is an inverse ambiguous automorphism.
Proof. We first remark that f is an automorphism from G ¢H. Theorem 3.7. Let G be a non-trivial abelian p-group for some prime p such that p 1 mod 4. Then G admits an inverse ambiguous automorphism.
Proof. Let first G be cyclic. Then Lemma 3.6 provides the statement. Let now G be non-cyclic. Since G is abelian, we see that G is a direct product of cyclic groups. Thus Lemma 3.5 and the cyclic case imply the assertion.
Lemma 3.8. Let G xay ¢ xby be an abelian group. If opaq opbq, then
Proof. Let f : G Ñ G be the function defined via f paq b and f pbq a ¡1 . Then f is an isomorphism of G and we have f
Thus Lemma 3.1 implies that f is an ambiguous isomorphism.
Lemma 3.9. Let p be a prime such that p 3 mod 4 and let G be an abelian p-group of rank 2. If G admits an inverse ambiguous automorphism f , then there is an element a G such that G xay ¢ xfpaqy.
In particular, G admits an inverse ambiguous automorphism if and only if G is isomorphic to a direct product of two cyclic groups of the same order.
Proof. Let G admit the inverse ambiguous automorphism f and let a G be of maximal order. Then we have |G| ¤ opaq 2 , as G is generated by two elements. Furthermore we have opf paqq opaq, since f is an automorphism. Lemma 3.3 and Lemma 3.6 imply that xay xfpaqy 1.
Altogether we have xay ¢ xfpaqy ¤ G and |xay ¢ xfpaqy| opaq ¤ opf paqq opaq 2 ¥ |G|.
This implies that G xay ¢ xfpaqy.
On the other hand if G xay ¢ xby with opaq |xay| |xby| opbq, then Lemma 3.8 provides an inverse ambiguous automorphism of G.
Lemma 3.10. Let G be an abelian p-group for some prime p. Suppose further that G admits an inverse ambiguous automorphism f . If a G is an element of maximal order and such that xay xfpaqy 1, then xa, f paqy has rank 2 and a complement in G.
In particular if p 3 mod 4, then there is a subgroup 1 $ A of G of rank 2 such that f pAq A and such that A has a complement in G.
Proof. Let a G be of maximal order and such that xay xfpaqy 1. Then A : xa, f paqy has rank 2 and opf paqq opaq is maximal as well. We further deduce that xay has a complement in G, say B, by 2. Again we apply 2.1.2 of [6] to find a complement C of A B in B. But now C is a complement of A in G, as AC xaypA BqC xayB G and A C ¤ A pB Cq pA Bq C 1. Altogether the first statement is true.
Let now p 3 mod 4 and a G have maximal order. Then the cyclic group xay xfpaqy admits an inverse ambiguous automorphism by Lemma 3.3. Hence Lemma 3.6 and our assumption that p 3 mod 4 imply that xay xfpaqy 1. Thus 1 $ A xa, f paqy has rank 2 and a complement in G by the previous investigation. As f pAq A by Lemma 3.3, we obtain the assertion.
Theorem 3.11. Let G be a non-trivial abelian p-group for some prime p such that p 3 mod 4. Then G admits an inverse ambiguous automorphism if and only if G A 1 ¢ ... ¢ A n for some positive integer n and such that for all i t1, ..., nu the group A i is the direct product of two cyclic groups of the same order.
Proof. Let first n be a positive integer and G A 1 ¢ ... ¢ A n be such that for all i t1, ..., nu the group A i is the direct product of two cyclic groups of the same order. Then Lemma 3.9 shows that A i admits an inverse ambiguous automorphism. From Lemma 3.5 we deduce that G admits an inverse ambiguous automorphism.
Suppose now that G admits an inverse ambiguous automorphism. We prove the structure assertion of G via induction on the rank r of G.
If r 1, then G is cyclic and Lemma 3.6 yields a contradiction. For r 2 we obtain the assertion from Lemma 3.9.
Let r ¥ 3. Then Lemma 3.10 provides an f -invariant subgroup A $ 1 of G of rank at most 2 and such that A has a complement, say B, in G.
By Lemma 3.4 the mapping f induces an inverse ambiguous automorphism f on G{A viaf pAxq Af pxq for all x G, since A is f -invariant. In particular B ! G{A admits an inverse ambiguous automorphism. Induction yields that B A 1 ¢...¢A n for some positive integer n and such that for all i t1, ..., nu the group A i is the direct product of two cyclic groups of the same order. We set A n 1 : A. As A has rank at most 2, Lemma 3.6 implies that A n 1 has rank 2. Since A is f -invariant, Lemma 3.9 shows that A n 1 A is the direct product of two cyclic groups of the same order.
Altogether we have G B ¢A A 1 ¢...¢A n 1 and for all i t1, ..., n 1u the group A i is the direct product of two cyclic groups of the same order.
Inverse ambiguous automorphisms on 2-groups
We now turn our attention to the remaining prime 2. The next lemma shows that the structure of 2-groups of rank 2 admitting an inverse ambiguous automorphism is more complicated to describe. 
j¡2i is an inverse ambiguous automorphism.
Proof. Notice that opab Lemma 4.2. Let p be a prime and G be a non-trivial abelian p-group. If G admits an inverse ambiguous automorphism f such that f pxq x for all elements x of order p, then G is an elementary abelian 2-group.
Proof. As G $ 1, there is some element x G of order p. The assumption implies that xxy is f -invariant. Thus Lemma 3.1 shows that x ¡1 f pfpxqq f pxq x. We deduce that 2 opxq p.
Suppose for a contradiction that G has some element y of order 4. 
This implies that b Proof. Let f be an inverse ambiguous automorphism of G. Similarly to the proof of Lemma 3.9, we investigate an element a G of maximal order.
Then, since G is generated by two elements and f is an automorphism, we have |G| ¤ opaq 2 and opf paqq opaq. Hence Lemma 3.3 and Lemma 3.6 yield |xay xfpaqy| ¤ 2.
Thus xa, f paqy ¤ G and |xa, f paqy| opaqopf paqq |xay xfpaqy| ¥ If G xa, f paqy, then the first statement holds. Hence we may suppose that G $ xa, f paqy. This is only possible in the case of |xay xfpaqy| 2 and |G| opaq 2 . Since a has maximal order 2.1.2 of [6] implies that xay has a complement in G. Hence, there is some element b G such that G xay¢xby and our assumption implies that opbq |G : xay| opaq.
Again, if G xby ¢ xfpbqy, then the first statement holds, as G xb, f pbqy and |G| opaq 2 opbq 2 . Hence we may suppose that G $ xb, f pbqy. Then, as above, we have |xby xfpbqy| 2. In particular f fixes the element of order 2 in xby and f fixes the element of order 2 in xay. These elements of order 2 are different, as G xay ¢ xby. It follows from 2.1.9 of [6] , that G has exactly three elements of order 2. Hence we conclude that f fixes every element of order 2. Then Lemma 4.2 implies that G is elementary abelian and f is the identity.
Altogether we have shown that G xa, f paqy, or G xb, f pbqy, or that G is elementary abelian. This is the first statement.
In all cases G xay ¢ xcy with opcq topaq, The next lemma generalises Lemma 3.10.
Lemma 4.4. Let G be a non-trivial abelian 2-group admitting an inverse ambiguous automorphism f . Then G contains an element a of maximal order such that xa, f paqy has a complement in G.
Proof. Suppose for a contradiction that the lemma is false. Then let G be a counterexample of minimal order.
(I) For every g G of maximal order the group xfpgqy xgy has order 2. Proof. Let g G have maximal order. Then Lemma 3.10 and our assumption that G is a counterexample imply that xfpgqy xgy $ 1. Since xfpgqy xgy is a cyclic and f -invariant 2-group by Lemma 3.3, we obtain the assertion from Lemma 3.6.
(II) G is not elementary abelian.
Proof. Suppose for a contradiction that G is elementary abelian and let g Gz1. Then opgq 2 and g has maximal order. Thus xgy has a complement in G by 2.1.2 of [6] . From 1 $ xgyxfpgqy ¤ xgy t1, gu it follows that f pgq g and so xg, f pgqy xgy has a complement in G.
(III) If a G has maximal order, then exactly one element of order 2 in xa, f paqy is fixed by f . This fixed element of order 2 is an element of xay xfpaqy. Proof. From Lemma 3.3 we see that xa, f paqy and xay xfpaqy admit inverse ambiguous automorphisms. In addition xay xfpaqy has two elements by (I). Therefore the element of order 2 in xay xfpaqy is fixed.
On the other hand opaq ¥ 4 by (II). Hence Lemma 3.6 implies that xa, f paqy is not cyclic. Consequently xa, f paqy has rank 2. From Lemma 4.2 it moreover follows that xa, f paqy contains an element of order 2 that is not fixed by f .
We deduce that at least two elements of order 2 are permuted by f . Since xa, f paqy has exactly three elements of order 2 (see 2.1.9 of [6] ), we see that exactly one element of order 2 in xa, f paqy is fixed by f .
(IV) G has rank at least 3.
Proof. If G was cyclic, then G had order 2 by Lemma 3.6 contradicting (II).
Suppose for a contradiction that G has rank 2. Then G contains exactly three elements of order 2 by 2.1.9 of [6] . Further there are a, b G such that G xay ¢ xby. We choose notation such that opaq ¥ opbq and set A : xa, f paqy xayxfpaqy.
Then a is an element of maximal order in G. [6] . Hence opbq opaq is maximal and so (III) yields that the element of order 2 in xay xfpaqy and the element of order 2 in xby xfpbqy are fixed. From G xay ¢ xby and 2.1.9 of [6] we see that at least two of the three involutions in G are fixed by f . Consequently every element of order 2 in G is fixed by f . But now (II) contradicts Lemma 4.2.
(V) G contains at least two elements of order 2 that are fixed by f .
Proof. Suppose for a contradiction that G has exactly one element of order 2 fixed by f . Then we apply 9.1.1 (b) of [6] 
Since G is abelian, V is an elementary abelian subgroup of G that is f -invariant. In particular we see that f pgq f pgq ¡1 for all g V . It follows that rg, f, f s rg ¡1 f pgq, f s gf pgq ¡1 f pg ¡1 qfpfpgqq gf pgqfpgq ¡1 g ¡1 1. In addition our assumption implies that C V pfq : tg V | f pgq gu has order 2. Thus 9.1.1 of [6] is applicable and Part (b) implies that |tg G | g Let now b G have maximal order and set B xb, f pbqy. Then (III) and (V) provide some c GzB such that c be the natural homomorphism. Then Lemma 3.4 shows thatḠ admits the inverse ambiguous automorphismf defined viaf pxq f pxq.
Since G is a minimal counterexample and |Ḡ| |G| we find someā Ḡ of maximal order such that xā,fpāqy has a complementC inḠ. Let C ¤ G be the full pre-image ofC and choose a G as a pre-image ofā.
(VI) opbq opaq opāq. Proof. From c B and 1.2.6 of [6] we obtain thatB Bxcy{xcy ! B{pB xcyq ! B. In particular we get opbq opbq. From opbq ¥ opaq ¥ opāq ¥ opbq opbq we finally see that opbq opaq opāq.
(VII) c xfpaq, ay Proof. Suppose for a contradiction that c xfpaq, ay. Then (VI) and (III) imply that c xay xfpaqy ¤ xay. But this implies the contradiction that opāq We will finally show that C is a complement of xa, f paqy : A in G. For this we first observe thatĀ xa, f paqy xā, f paqy xā,fpāqy. It follows thatḠ Ā ¤C. As C is the full pre-image ofC in G, we get G AC. MoreoverĀ C 1 implies that A C ¤ xcy and so A C ¤ A xcy 1 by (VII). Conversely, suppose that G admits an inverse ambiguous automorphism. We prove the structure assertion of G via induction on the rank r of G.
If r 1, then G is cyclic. In this case Lemma 3.6 implies that G is elementary abelian of order 2 and hence the assertion is true.
If r 2, then the second part of Lemma 4.3 implies the assertion. Suppose that r ¥ 3. Then Lemma 4.4 provides an f -invariant subgroup A $ 1 of G of rank at most 2 and such that A has a complement, say B, in G.
By Lemma 3.4 the mapping f induces an inverse ambiguous automorphism f on G{A viaf pAxq Af pxq for all x G, since A is f -invariant. In particular B ! G{A admits an inverse ambiguous automorphism. Induction yields that Let, conversely, n be a positive integer such that G A 1 ¢ ... ¢ A n is an abelian group and for every i t1, ..., nu the group A i has one of the structures described in (a), (b), (c) or (d).
Let i t1, ..., nu. If A i is as in (a), then Theorem 3.7 shows that A i admits an inverse ambiguous automorphism. If A i satisfies (b) or (c), then Lemma 3.8 or Lemma 4.1, respectively, provide an inverse ambiguous automorphism on A i . Finally if A i is an elementary abelian 2-group, then the identity is inverse ambiguous on A i .
Consequently for each i t1, ..., nu the group A i admits an inverse ambiguous automorphism. Thus Lemma 3.5 implies that G admits an inverse ambiguous automorphism, too.
